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Topics 

• 5:30-6:00: Calculus - Lagrange multiplier 
method in solving constrained optimization 
problems 

• 6:00-6:20: Problems session 

• 6:20-7:00: Linear Algebra – Linear 
Representation, Eigenvalues and eigenvectors, 
diagonalization, SVD, PCA 





Calculus 

• A rectangular box without a lid is to be made 
from 12 𝑚2 of cardboard. Find the maximum 
volume of such a box. 







minimum 

subject to the constraint: 



Let’s see how we can do this without solving explicitly for 𝑧 : 
 
Let 𝑓 𝑥, 𝑦, 𝑧 = 𝑥𝑦𝑧 and 𝑔 𝑥, 𝑦, 𝑧 = 2𝑥𝑧 + 2𝑦𝑧 + 𝑥𝑦 − 12. Then the problem we are 
trying to solve is: 
 
 
 
 
 
 
 
 
 
 
 
 
 

                                                  minimize V = 𝑓 𝑥, 𝑦, 𝑧 = 𝑥𝑦𝑧  
                                 subject to 𝑔 𝑥, 𝑦, 𝑧 = 2𝑥𝑧 + 2𝑦𝑧 + 𝑥𝑦 − 12=0.  

Pretend that we solved 𝑧 from 𝑔 𝑥, 𝑦, 𝑧 =0, obtaining 𝑧 = ℎ 𝑥, 𝑦 .  Then 
                                                               𝑉 = 𝑓(𝑥, 𝑦, ℎ 𝑥, 𝑦 )   

So,  
𝜕𝑉

𝜕𝑥
=

𝜕

𝜕𝑥
𝑓 𝑥, 𝑦, ℎ 𝑥, 𝑦 = 𝑓𝑥 𝑥, 𝑦, ℎ 𝑥, 𝑦 + 𝑓𝑧 𝑥, 𝑦, ℎ 𝑥, 𝑦 ℎ𝑥 𝑥, 𝑦  

 
𝜕𝑉

𝜕𝑦
=

𝜕

𝜕𝑦
𝑓 𝑥, 𝑦, ℎ 𝑥, 𝑦 = 𝑓𝑦 𝑥, 𝑦, ℎ 𝑥, 𝑦 + 𝑓𝑧 𝑥, 𝑦, ℎ 𝑥, 𝑦 ℎ𝑦 𝑥, 𝑦  



We need to calculate ℎ𝑥 and ℎ𝑦 in  
𝜕𝑉

𝜕𝑥
=

𝜕

𝜕𝑥
𝑓 𝑥, 𝑦, ℎ 𝑥, 𝑦 = 𝑓𝑥 𝑥, 𝑦, ℎ 𝑥, 𝑦 + 𝑓𝑧 𝑥, 𝑦, ℎ 𝑥, 𝑦 ℎ𝑥 𝑥, 𝑦  

 
𝜕𝑉

𝜕𝑦
=

𝜕

𝜕𝑦
𝑓 𝑥, 𝑦, ℎ 𝑥, 𝑦 = 𝑓𝑦 𝑥, 𝑦, ℎ 𝑥, 𝑦 + 𝑓𝑧 𝑥, 𝑦, ℎ 𝑥, 𝑦 ℎ𝑦 𝑥, 𝑦  

Note that 𝑧 = ℎ(𝑥, 𝑦) satisfies the equation 

                                                             𝑔 𝑥, 𝑦, ℎ 𝑥, 𝑦 = 0 for a collection of (𝑥, 𝑦) 

Use implicit differentiation to get 
𝜕

𝜕𝑥
 𝑔 𝑥, 𝑦, ℎ 𝑥, 𝑦 = 0 

Or 

𝑔𝑥 𝑥, 𝑦, ℎ 𝑥, 𝑦 + 𝑔𝑧 𝑥, 𝑦, ℎ 𝑥, 𝑦 ℎ𝑥(𝑥, 𝑦) = 0. 

So, 
  

ℎ𝑥 𝑥, 𝑦 = −
𝑔𝑥 𝑥, 𝑦, ℎ 𝑥, 𝑦

𝑔𝑧(𝑥, 𝑦, ℎ(𝑥, 𝑦))
= −

𝑔𝑥

𝑔𝑧
. 

Similarly, 

ℎ𝑦 𝑥, 𝑦 = −
𝑔𝑦 𝑥, 𝑦, ℎ 𝑥, 𝑦

𝑔𝑧(𝑥, 𝑦, ℎ 𝑥, 𝑦 )
= −

𝑔𝑦

𝑔𝑧
. 



Substitute 𝑔𝑥 and 𝑔𝑦 by these formula in 
𝜕𝑉

𝜕𝑥
 and 

𝜕𝑉

𝜕𝑦
 , we get 

𝜕𝑉

𝜕𝑥
= 𝑓𝑥 + 𝑓𝑧 −

𝑔𝑥

𝑔𝑧
 

𝜕𝑉

𝜕𝑦
= 𝑓𝑦 + 𝑓𝑧 −

𝑔𝑦

𝑔𝑧
 

Finally, the stationary points are solved from the system 

𝑓𝑥 + 𝑓𝑧 −
𝑔𝑥

𝑔𝑧
= 0, 𝑓𝑦 + 𝑓𝑧 −

𝑔𝑦

𝑔𝑧
= 0. 

Solving these for 𝑥 and 𝑦 to find the minimum point as in the example. 

What’s the general pattern? 

Note that 
𝑓𝑥
𝑔𝑥

=
𝑓𝑧
𝑔𝑧

,   
𝑓𝑧
𝑔𝑧

=
𝑓𝑦

𝑔𝑦
 = = 𝜆 

So, indeed, we are solving  equations 
𝑓𝑥 − 𝜆𝑔𝑥 = 0 
𝑓𝑦 − 𝜆𝑔𝑦 = 0 

𝑓𝑧 − 𝜆𝑔𝑧 = 0 



Lagrange Multiplier Method 

• Let 𝐿 𝑥, 𝑦, 𝑧, 𝜆 = 𝑓 𝑥, 𝑦, 𝑧 − 𝜆𝑔 𝑥, 𝑦, 𝑧  

• To find the possible minimum (or maximum) 
points, set the partials of 𝐿 to 0 and solve the 
system for 𝑥, 𝑦, 𝑧, 𝜆. 

• Lagrange Theorem says these (𝑥, 𝑦, 𝑧) are also 
candidates for the extreme points for the 
constrained optimization problem: 

𝑓 𝑥, 𝑦, 𝑧 → 𝑚𝑎𝑥 
𝑠𝑢𝑏𝑗. 𝑡𝑜 𝑔 𝑥, 𝑦, 𝑧 = 0 



Practice Problems: 

1. 

2. 



3.  

4.  Find the maximum and minimum values of the given function 
under the given constraint. 

5. Find the maximum and minimum values of  
𝑓 𝑥1, 𝑥2, 𝑥3 = 2𝑥1

2 + 3𝑥2
2 + 𝑥3

2 𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 𝑥1
2 + 𝑥2

2 + 𝑥3
2 = 1. 



How could Matlab help? 

• ID and 2D plots: plot, plot3 

• surf, mesh, scatter, contour, contour3, … 

• Optimization toolbox 

• Image processing toolbox 

 



Linear Algebra Review 

• Vectors: 𝒗, 𝒗, 𝑣, 𝑢, …,  

• Matrices: 𝐴, 𝐵,𝑀, 𝑋,𝑊,𝑈, 𝑉,… 

• Scalars: 𝑎, 𝑏, 𝑐1, 𝑘1, 𝑥1, … 

• Euclidean space: 𝑅𝑛 

• Space of matrices of size 𝑚 × 𝑛: 𝑅𝑚×𝑛  

• The set of vectors 𝒗1, 𝒗𝟐, … , 𝒗𝒌 is linearly 
independent if 
𝑎1𝒗1 + 𝑎2𝒗2 + ⋯+ 𝑎𝑘𝒗𝑘 = 0 

𝑖𝑚𝑝𝑙𝑖𝑒𝑠
𝑎1 = 𝑎2 = ⋯ = 𝑎𝑘 = 0. 



Linear Algebra Review, 2 

• Basis of 𝑅𝑛 = set of linearly independent 
vectors whose span is 𝑅𝑛 

• Linear independence = no redundence 

• span = collection of all linear combinations 

• Standard basis: 𝑒 1, 𝑒 2, … , 𝑒 𝑛 for 𝑅𝑛, where 
𝑒 𝑗 = 0,… , 1, 0, … , 0 , 

                                         ↑ 𝑗 − 𝑡ℎ 𝑝𝑙𝑎𝑐𝑒 

• Other basis: the columns of a 𝑛 × 𝑛 non-
singular matrix 𝑀 = [𝑣1, … , 𝑣𝑛] 

 



Column View of Matrices 

• A matrix is a (ordered) collection of column 
vectors (its columns). 

• Let 𝑊 = 𝑤1, 𝑤2, … , 𝑤𝑘 ∈ 𝑅𝑛×𝑘, as a “vector” 
of its columns 𝑤1, 𝑤2, … , 𝑤𝑘 ∈ 𝑅𝑛. 

• Then the following are the same: For 𝑎 ∈ 𝑅𝑘 
matrix multiplied by vector  𝑊𝑎 

and 
(linear combination) 𝑎1𝑤1 + 𝑎2𝑤2 +…+ 𝑎𝑘𝑤𝑘 



Represent Matrix Using Its Column Basis 

• Assume 𝐷 ∈ 𝑅𝑚×𝑛 and 𝑚 and 𝑛 are a “large” 
number (like 106). 

• How many entries in 𝐷? 

• Answer: 𝑚 × 𝑛 

• Takes a lot of memory to store 𝐷 (in computer) 

• What if we know that the columns of 𝐷 come 
from a much smaller 𝑘 dimensional subspace of 
𝑅𝑚? Say 𝑘 = 6. 

• We can use this to “identify” each column of 𝐷. 



Dimension Reduction 

• Let 𝑈 = 𝑢1, 𝑢2, … , 𝑢6  be the matrix formed 
by a basis of the column vectors of 𝐷. 

• So, there is a matrix 𝑉 such that 
𝐷 = 𝑑1, 𝑑2, … , 𝑑𝑛 = 𝑢1, 𝑢2, … , 𝑢6 𝑉 (Why?) 

• What the dimension of 𝑉? 

• Answer: 6 × 𝑛 

• How to find 𝑈 and 𝑉? 

• (to be continued) 



Assignments 

• Finish all five problems at the end of the 
discussion of Lagrange multiplier method. 

• Use Matlab everyday (at least check out all 
the functions I mentioned on the slide titled 
“How can Matlab Help?” 

• Read the slide titled “ Dimension Reduction” 
carefully. 


